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We present an extensive analysis of transport properties in superdiffusive two dimensional
quenched random media, obtained by packing disks with radii distributed according to a Le´vy
law. We consider transport and scaling properties in samples packed with two different procedures,
at fixed filling fraction and at self-similar packing, and we clarify the role of the two procedures in
the superdiffusive effects. Using the behavior of the filling fraction in finite size systems as the main
geometrical parameter, we define an effective Le´vy exponents that correctly estimate the finite size
effects. The effective Le´vy exponent rules the dynamical scaling of the main transport properties
and identify the region where superdiffusive effects can be detected.
PACS numbers:
I. INTRODUCTION
Transport and diffusion in highly heterogeneous ran-
dommedia is an interesting and complex phenomenon oc-
curring in a wide class of materials, ranging from rocks to
clouds, to engineered experimental samples [1–7]. Mat-
ter or light typically crosses disordered regions with very
different diffusion properties, so that the transport pro-
cess can be described as a Le´vy walk: motion consists
of a sequence of scatterings followed by long jumps in
the nonscattering regions. Two concurrent effects make
the problem particularly hard: the quenched random-
ness, inducing correlation between displacements, and,
if the material is heterogeneous on all scales, the typi-
cal broad distribution of the steps length, that can be
heavy-tailed and Le´vy distributed.
Tunable media with Le´vy like properties [8], repro-
ducing all these effects, are an interesting testbed for
the typically superdiffusive motion occurring in hetero-
geneous random materials. The ”Le´vy” glasses are ob-
tained by a packing of polydispersed glass spheres with
Le´vy distributed radii and embedded in a scattering ma-
trix. As light is scattered only in the inter-sphere re-
gions and freely travels ballistically inside the spheres,
the propagation of light in these materials can be de-
scribed as a correlated Le´vy walk, with step length dis-
tribution p(l) ∼ l−(1+α), where the parameter α can be
tuned by choosing an appropriate distribution of radii for
the polydispersed spheres. In these systems, a superdiffu-
sive behavior has been observed, with the characteristic
length of the dynamical process growing as ℓ(t) ∼ t1/z
with z < 2.
A theoretical study of such systems is in general a non
trivial task due to topological correlations between the
step lengths: e.g. after crossing a large sphere a walker
is likely backscattered in the same ballistic region. In
this perspective, different theoretical and numerical ap-
proaches have been proposed [9–11]. An analytic solution
has been obtained for the simpler one dimensional case,
the so called Le´vy-Lorentz gas, corresponding to a pack-
ing of segments of Le´vy distributed lengths separated by
scattering centers [12]; in that case the dynamical expo-
nent is z = 1+α (superdiffusion) for 0 < α < 1 and z = 2
(standard diffusion) for α > 1 [13–16]. The regular and
deterministic self similar version of the Le´vy packings in
higher dimension [17] have been recently introduced as
basic geometrical models for quenched Le´vy structures.
Also in that case, numerical simulations show superdiffu-
sion for α < 1 and standard diffusion for α > 1, with the
dynamical exponent z depending on α, and very slightly
on the dynamical rule and on the spatial dimension. Con-
versely, recent numerical results on 2 and 3−dimensional
random sphere packings [10] evidenced important differ-
ences with previous results. In particular superdiffusion
was observed also for α > 1, i.e. for α . 1.6. However,
some aspects remained unclear, in particular the anoma-
lous non monotonic behavior of z as a function of α, and
the evaluation of the finite size effects [10]. Notice that,
for these random high dimensional heterogeneous models,
even the definition of the packing procedure is a complex
problem, still not understood from the theoretical point
of view [18–20]. What seems clear is that the dynamical
behavior observed in all these Le´vy quenched structures
differs from the standard uncorrelated Le´vy walk, where
anomalous superdiffusion is present for 1 < α < 2 [21–
23].
Another important point in the numerical experiments
performed so far is that the samples are built by opti-
mizing the packing, and minimizing the scattering re-
gion (optimal filling approach). In this way, the average
distance between the spheres is kept constant as the sys-
tem size grows, reproducing the behavior of determin-
istic fractals [17]. Within this prescription, the density
of scatterers (or turbid fraction), for α < 1, becomes
infinitesimal as the size goes to infinity, as one is build-
ing a so called slim fractal. Conversely, in the samples
produced for the experiments [8] the turbid fraction is
kept constant at different sizes even for α < 1, and this
may give rise to important differences with respect the
optimized Le´vy structures of the theoretical approaches.
2In this paper we first present an extensive numerical
and theoretical analysis of two dimensional random pack-
ings of disks with radii distributed according to a Le´vy
law, and packed by minimizing the turbid fraction, i.e.
with the optimal filling approach. Our results provide
a new interpretation of the data found in [10]. In par-
ticular, the anomalous non monotonic behavior of the
dynamical exponent z can be interpreted as a failure of
the packing procedure in the regime α < 0.5. Moreover,
numerical simulations show that in the thermodynamic
limit of infinitely large samples the superdiffusive regimes
observed for 1 < α . 1.6 are expected to disappear and
converge to a behavior similar to the deterministic case,
where z < 2 only for α < 1. In this framework we ev-
idence that for 0.4 . α . 1.6 strong finite size effects
characterize the dynamics, the radii distribution and the
packing procedure. We define the exponent αeff , de-
scribing such geometrical preasymptotic behavior, and
we show that αeff can be used for an effective descrip-
tion of the size effects characterizing the dynamics of re-
alistic finite samples. Finally, we discuss the effect on the
dynamics of the scattering length and of the truncation
of the radii distribution.
Then, in order to make contact with the experiments,
we consider the case of disks packing obtained by keep-
ing the filling fraction constant at all scales, instead of
minimizing the turbid fraction. This analysis evidences
that, for any value of α, as the size of the systems
grows, the dynamical exponent z becomes closer to 2,
and we infer that the system is experiencing a crossing
from a superdiffusive to a diffusive regime, with a large
crossover region where superdiffusive effects can appear.
The evidence is corroborated by analyzing the response
of the dynamical exponents to the change of the scat-
tering mean free path length and the fixed filled fraction
f . We remark that such a crossover from ballistic to dif-
fusive behavior is also present in the case where all the
spheres have the same radius [24].
The outline of the work is as follows. In Section II
we introduce the dynamics and the optimized packing
procedure. In Section III we study the geometrical prop-
erties of the samples, introducing the effective exponent.
We then show the results of our dynamical simulations
and scaling effects in Section IV. Finally, Section V is
devoted to the simulations at fixed filling, designed to
make contact with the experiments. Section VI contains
our conclusions.
II. RANDOM LE´VY PACKINGS AND
DYNAMICS
The packing algorithm follows the work of Beenakker
et al. [10] and the parameters of the random Le´vy struc-
ture are:
- N , the number of disks (spheres);
- Lx, Ly the thickness and the width of the slab, re-
spectively;
- rmin and rmax, the minimum and the maximum
radii, respectively;
- β, the exponent used to generate the radii distri-
bution, featuring a power law p(r) ∼ r−(1+β). We
set α = β − d+ 1, with d = 2 in the case of disks.
The latter distribution is sampled following the recur-
sive formula [10]:
rk = rmax
[
1 + kkmax (r
β
max − 1)
]
−1/β
,
k = 0, 1, 2, . . . kmax, (1)
generating the radii ordered by size from the largest to
the smallest one. According to [10] disks can be placed
randomly in the systems avoiding overlaps. The filling
fraction f at size L is defined as the ratio between the
total volume of the disks placed in the sample, VD(L),
and the total volume V (L) of the sample:
f(L) =
VD(L)
V (L)
. (2)
The complementary of f is the turbid fraction φ(L) =
1−f(L), that is, the system volume fraction occupied by
the scatterers.
We introduce two different packing procedures illus-
trated in the Top Panel of Fig. 1. In the first, the
newly added disk is approached to its closest neighbor,
in the second it is also rotated around the neighboring
disk until it is still not overlapping with the rest of the
systems [25, 26]. The results of this new procedures are
reported in Fig. 1 (bottom panel). The data clearly
show that both prescriptions give the same qualitative
result, presenting only a small improvement in the fill-
ing fraction. Therefore, hereafter, we adopt the original
procedure which is the less demanding from a computa-
tional point of view. An example of a Le´vy disks packing
produced by this algorithm is found in Fig. 3.
We then implement the specific dynamics of transport
in the Le´vy packing. The rays of light experience a bal-
listic motion inside the disks and an isotropic Poisson
process in between the spheres, i.e. in the turbid region.
In particular, at each move we extract a random direc-
tion and a random step length s from the distribution
P (s)ds =
1
λ
exp (−s/λ)ds, (3)
being λ the scattering mean free path. If the ray crosses
one or more disks, the actual step length has to be in-
cremented until the ending point belongs to the turbid
region and the new step length becomes l = s + s¯ (s¯ is
the spaced covered within the disks). An example of a
trajectory is shown in Fig. 2.
In the transmission simulations we select the initial
point on the x = 0 side of the slab. The particles then
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Figure 1: (Color online) (Top Panel) The geometric out-
line of the two methods implemented. When a new disk
with center c is placed, the program searches for the clos-
est neighbor among the close disks (the disk with the d center
in this case). The distance between them is computed and
the disk moved to a ǫ distance placing it in c′ (close packing
prescription, ǫ randomly chosen from a flat distribution in the
(10−4, 1/4) · rmin). In the drop and roll method we further
move the new disk rotating it around the closest neighbor un-
til it touches an existing disk close to it. (Bottom Panel) Tur-
bid fraction from the simulations at optimized filling following
the three prescription presented: random packing (squares),
dense packing prescription (circles) and the drop and roll al-
gorithm (asterisks). The curves correspond to α = 0.4.
walk as long as they reach the opposite side of the slab
(x = Lx) or until they are backscattered to the x = 0
surface (see Fig. 3). For the measure of the probability
distribution P (r, t) and of the mean square displacement,
we pack the disks with periodic boundary conditions and
the starting point is chosen randomly in the turbid frac-
tion.
We let the maximum radius range from rmax = 10 to
rmax = 1500, with Lx = RSrmax (RS = 6) and Ly =
4Lx. The number of disks ranges from few hundreds
at small system sizes to ∼ 6 · 107. We initially choose
λ = rmin = 1. For each transmission run we simulate
Figure 2: (Color online) An example of a trajectory: the
single step length s extracted from Eq. (3) is the length that
the ray covers outside the disks between two scattering events.
The distance covered within them is not taken into account.
In this figure the extracted length is s = i¯a+ b¯c+ d¯f , while the
actual step length is l = i¯f due to the time spent by the ray
within the disks. The latter is s¯ = a¯b+ c¯d, so that l = s+ s¯.
5 · 106 rays, while in the mean square displacement and
P (r, t) runs only 105 rays are simulated, due to the time-
consuming computation of the single ray trajectory.
III. THE FILLING FRACTION AND THE
EFFECTIVE α EXPONENT
Let us now consider the behavior of the filling and
turbid fraction. Figure 4 describes, in our packing, the
turbid fraction as a function of L. In large L → ∞
systems we evidence that: for α . 0.5, φ(L) goes to
a constant; in the intermediate regimes 0.5 . α . 1.6,
φ(L) vanishes at large size with a characteristic exponent
that we call αexp, i.e. φ(L) ∼ L
αexp−1; finally for α & 1.6,
φ(L) goes to a constant in the large L limit. We remark
that the behavior of φ(L) is here more complex than that
observed in deterministic self similar Le´vy structures[17].
In that case, the packing is regular, exact and it is built
by a recursive procedure. There, φ(L) ∼ Lα−1 for α < 1
and φ(L) goes to a constant for α > 1, defining the so
called slim and fat fractals, respectively.
Another useful quantity for the description of the pack-
ing properties is the average distance ǫ between two
spheres (see Fig. 7 inset). We assume that, on the av-
erage, around each sphere there is a turbid region whose
thickness ǫ(L) can depend on the system size L. This
quantity is related to the turbid fraction by:
1− f(L) =
ǫ(L)A(L)
V (L)
f(L) (4)
where A(L) is the average surface of the spheres.
The ratio A/V as a function of the systems size is inde-
pendent of the packing algorithm, and can be evaluated
directly from the sphere distribution Eq. (1). In partic-
ular, if kmax is large enough, the effect of discretization
is negligible, and we can set p(r) ∼ r−(1+β). We have
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Figure 3: (Color online) (a) A Le´vy glass with Lx = Ly =
103, rmax = 250, α = 0.4 and Ndisk = 4 · 10
3. The geometry
is constrained on the x = 0 and x = Lx boundaries, while the
y = [0, Ly] ones are periodic; (b) The dynamics on the same
sample. The program injects particles into the x = 0 surface
and let them diffuse until they reach the opposite side of the
slab or they are backscattered to x = 0. The original cell is
framed with solid black line. The periodic bounds allow the
motion to continue over the y = 0 and y = Ly borders.
therefore:
Ac(d, rmax) = CA(d)
∫ rmax
1
rd−1p(r)dr
Vc(d, rmax) = CV (d)
∫ rmax
1
rdp(r)dr. (5)
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Figure 4: (Color online) The numerical behavior of φ(L) as
a function of L for α = 0.1 (asterisks), α = 0.6 (squares),
α = 1.2 (circles), α = 1.8 (triangles).
where CA(d) and CV (d) are the constants defining the
surface and the volume, respectively, at a given dimen-
sion d (for instance CA(2) = 2π and CV (3) = 4/3π). We
finally obtain:
V
A
(rmax) =
CV (d)
CA(d)
r−α+1max − 1
r−αmax − 1
−α
−α+ 1
. (6)
From this equation, we find in the thermodynamic limit
V
A
(L→∞) ∝
{
L−α+1 if 0 < α < 1
const = CV (d)αCA(d)(α−1) if 1 < α
(7)
as rmax si related to the system size L, by L = rmax ·
RS . Formulas (4) and (7) evidence that for α < 1 if the
average distance between the disks is kept constant, then
the turbid fraction is vanishing with the system size.
We now compare in Fig. 5 V/A(L) as found by using
our simulations, and the analytical results of Eq. (6),
showing also the thermodynamic limit L → ∞ as found
in Eq. (7). Fig. 5 evidences that the sampling correctly
reproduces the analytical form of V/A(L). However, for
0.05 . α . 0.4 and for 0.6 . α, this ratio grows differ-
ently with respect to the expected asymptotic behaviour.
This means that the finite system displays an effective
exponent αeff 6= α. The value of αeff as a function of
the scale L can be easily calculated by the logarithmic
derivative of Eq. (6):
1−αeff =
d
d lnL
ln
V
A
(L) = (1−α)
1
1− Lα−1
+α
L−α
L−α − 1
.
(8)
The function is plotted in Fig. 6, showing that for
α < 0.5 finite size effects overestimate the value of the ex-
ponent (αeff > α), while for α > 0.5 we have αeff < α.
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Figure 5: (Color online) The comparison of V/A(L): the ex-
perimental results (squares and asterisk), the analytic func-
tion (solid line) and the L → ∞ limit (dashed line) as
found for 0.05 ≤ α ≤ 1.9. The discrete sampling repro-
duces correctly the analytical result. We also note that, for
0.05 . α . 0.4 and for 0.6 . α . 1.8 we are in a pre-
asymptotic range, and the V/A ratio has not converged yet
to the expected value. In particular, for low α finite size ef-
fects overestimate the value of the exponent while at large α
the value is underestimated.
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Figure 6: (Color online) (top) The 1 − αeff (L) curves for
0 < α < 1. Note that for α < 1/2 we find αeff > α while
αeff < α for α > 1/2. For α = 0.5 we have αeff = α
for every L. In all the other case the 1 − αeff (L) functions
slowly converge to the asymptotic limit 1− α (dashed lines).
(bottom) The 1 − αeff (L) curves for 1 < α < 2. Again, we
found slow convergence to the asymptotic limit 1−αeff = 0.
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Figure 7: (Color online) Numerical data evidence that ǫ(L)
depends on the system size L. Each line refers to a different α
in the 0.1 ≤ α ≤ 1.8 range which is displayed from top (dark
grey squares α = 0.1) to bottom (squares, triangles and dots).
The function diverges only for α . 0.5, while at higher α it is
constant. The horizontal dashed line denoted the scattering
length λ = 1. (Inset) On average, around each sphere there
is an empty region whose thickness is defined to be ǫ, the
filling fraction f is related to ǫ and the average volume V and
surface A according to formula (4).
Let us now evaluate ǫ(L) as defined in Eq. (4), esti-
mating the average surface, the volume of disks and the
filling fraction f in our packing simulations. In Fig. 7 we
plot ǫ(L) for the 0.05 ≤ α ≤ 1.8 range. ǫ(L) diverges for
α . 0.5. This implies that the packing is not working,
since at large values of L one is not able to keep a con-
stant distance between the disks. Therefore, the average
turbid region between particles has a linear size greater
than the scattering length λ, so that the light ray will
pass more time in the scattering region, slowing down its
dynamic. On the other hand, ǫ(L) seems to be constant
(ǫ ∼ 0.4) for α & 0.5. This suggests a real packing with
limited space between disks. In the intermediate regime
α ≃ 0.4 − 0.5, ǫ(L) display large oscillations evidencing
an instability in the packing procedures. We notice that
this crossover region corresponds to the value α = 0.5
where αeff as a function of L change its behavior (see
figure 6).
From this plot, it is clear that the region α . 0.5,
featuring an anomalous dynamical behavior in [10], does
not correspond to a real packing and should be excluded
from our measures. On the other hand, once α exceeds
the ∼ 0.4−0.5 threshold, ǫ(L) appears to be constant, so
the (1−f)/f term in Eq. (4) has to decrease as A/V (L).
It is then reasonable to compare αexp, coming from the
direct measure of the turbid fraction from packing sim-
ulations, with αeff obtained in theoretical analysis. In
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Figure 8: (Color online) The fitted φ(L) curves giving the
αexp exponents.
(Inset) The comparison between the two exponents αeff and
αexp as found for different α in Fig. 8.
the regime where ǫ(L) is almost constant we should find
αexp ∼ αeff . In Fig.8 we present the results of this anal-
ysis evidencing a good agreement.
The general picture seems now quite clear. Although
we choose the disks radii according to a certain α (or a
β = α+d−1), at finite size the packing features a different
self similar structure: there exists another exponent αeff
which effectively drives the geometrical scaling since the
thermodynamic limit has not been reached yet. More-
over, the mean thickness ǫ of the turbid region around
each sphere has two different behavior for 0.1 ≤ α < 0.5
and 0.5 ≤ α < 2, respectively. In the first range, ǫ di-
verges giving rise to an anomaly in the system topology,
and signaling that the packing fails. On the other hand,
when 0.5 ≤ α < 2, ǫ is almost constant. This in turn
results in the comparable values of the two exponents
αexp and αeff , driving the scaling of φ ∝ L
αexp−1 and
V
A (L) ∝ L
1−αeff . The exponent αeff is therefore the true
geometrical parameter related to the effective packing.
IV. TRANSPORT IN 2d RANDOM LE´VY
PACKINGS
A. The total transmission
The first quantity we measure in simulations at opti-
mal filling is the transmitted intensity for different system
thicknesses. A ray of light starts from the x = 0 surface
and diffuses according our dynamics until it comes back
at the x = 0 (reflection), or it reaches x = Lx (trans-
mission). We then count the number rt(Lx) of rays that
cross the slab on the total number of rays r(Lx) and we
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Figure 9: (Color online) α = 0.2: (Top) the T (L) function
with the two different interpolating lines (squares and circles
for the experimental points and the fitting solid lines): squares
for the low thicknesses range and circles for the higher ones.
(Bottom) The 1− f(L) (turbid volume) function (asterisks).
The delimiting thickness LD ∼ 650 is enlightened with the
vertical dashed line.
obtain the transmitted intensity T (Lx) = rt(Lx)/r(Lx).
Repeating the simulation and varying the thickness of the
slab, we eventually find the T (Lx) function. We expect
to find a scaling of the transmitted probability T (Lx)
function, with now Lx = L following the scaling relation
[13, 17]:
T (L) ∝
1
L(z−1)
.
In Fig. 9 we plot the resulting T (L) for α = 0.2, in
the region where packing fails and the distance between
disks increases with the size. Clearly, there are two dif-
ferent ranges of the size where both the turbid fraction
and the transmission probability behave differently. For
low thickness range (L ∈ [60, 650]) the algorithm suc-
ceeds in filling the system and, in fact, the turbid frac-
tion decreases as a power law with L. Inside this inter-
val, the packing works and the transmission probability
scales with a super-diffusive exponent z = 1.47 (much
lower than the z = 2 expected for a diffusive regime).
Then, for L > 650, the turbid fraction stops lowering
with increasing size and the system presents an almost
constant turbid fraction, i.e. f ∼ 0.96. In this regime,
the transmission probability behaves differently as well.
We find indeed that the scaling exponent governing the
T (L) becomes closer to the diffusive case z = 2. The
same qualitative behavior characterizes the whole range
α ∈ [0.0, 0.4].
As we can see in Fig. 10, outside this problematic
range we eventually find a power law decrease of the tur-
bid fraction in the whole range of L we analyzed. In Fig.
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Figure 10: (Color online) α = 0.6: (Top) The T (L) function
(squares) with the scaling interpolation (solid line). (Bottom)
The 1− f(L) (turbid volume) function (asterisks).
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Figure 11: (Color online) The transmitted intensity T (L)
scaling with system size L for different α value. The fit of
the function gives the exponent z − 1. (Inset) The dynamic
exponent z (asterisks) as a function of α. Here, we merged the
z found in the anomalous range 0.1 ≤ α ≤ 0.4. The diffusive
limit z = 2 (dashed line) is shown.
11 we show the transmitted intensity for 0.4 ≤ α < 2.
The fitting curves gives the values for z that are resumed
in the inset of Fig. 11, in the anomalous range the value
of the exponent increases, due to the failure of the pack-
ing procedure. The plot agrees very well with that pre-
sented for the 2d case in [10].
B. The Time resolved transmission
The next dynamical quantity we analyze is the time-
resolved transmission. The parameters of the simulations
are identical to the ones outlined before. The transmis-
sion (or backscatter) time of each particle is recorder and
binned in a histogram, and the time resolved transmis-
sion should follow the scaling form:
T (t, L) = Lηf˜(L/l(t)), (9)
while the P (r, t) the probability function, should scale as
P (r, t) = l−1(t)f(r/l(t)). (10)
We are now able to evaluate both scalings, as the growth
of the characteristic length is related to the total trans-
mission by the Einstein relation [13, 27] l(t) ∝ t1/z and
η = 1 − 2z. As we show in Fig. 12, the scaling picture
holds for both for P (r, t) and T (L, t), evidencing a nice
data collapse at least at large enough L.
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Figure 12: (Color online) (a) Scaling of time-resolved trans-
mission T (L, t) for α = 1.2 and different slab thicknesses. The
characteristic length is set to Lz, as in Eq. (9). (b) Scaling
of the average probability P (r, t) for the system with α = 0.8
and L = rmax·RS = 6·10
3 . The spikes stem from the ballistic
motion inside the bigger disks and they disappear as soon as
t & rmax. The scaling pictures holds in the whole time range
analyzed, satisfying the scaling hypothesis made in Eq. (10).
The characteristic length has been set to l(t) = t1/z, being z
the dynamical exponent governing the transmitted intensity.
C. Scaling and the effective α exponent
Our simulations confirm the results in [10] that su-
perdiffusive anomalous transmission is observed for 0.5 .
8103
100.2
100.3
L
z(L
)
1.6
1.4
1.2
1.0
0.8
0.6
z = 2
α = 1.8
z = 1.66
z = 1.43
Figure 13: (Color online) The z(L) function. The data refer
to the λ = 1 and 0.6 ≤ α ≤ 1.8 simulations. The z suggested
by the ansatz z = 2/(2 − α) (α < 1) and the diffusive limit
z = 2 (α ≥ 1) are shown for comparison (dashed lines). While
the exponents found for α < 1 seem to stop their rise with
L, for α ≥ 1 they slowly grow toward z = 2. The latter is
reached only by the α = 1.8 set (black triangles) at the largest
system size analyzed.
α . 1.6, at variance with the deterministic self-similar
models of Le´vy packings, where super-diffusive behavior
occurs only for α < 1 [17]. Interestingly, in the same
regime 0.5 . α . 1.6 our static study evidences that,
for finite size systems, the filling fraction is not described
by the exponent α characterizing the radii distribution
p(r) ∼ 1/rd+α but an effective size dependent exponent
αeff has to be introduced. We, therefore, expect that
also the transport properties may be affected by the fi-
nite size of the system.
We now calculate the exponent z for different values of
L. In particular, we estimate z(L) by fitting consecutive
intervals of the T (L) function separately. For example,
the fitting of T (L) in the 60 ≤ L ≤ 400 range provides
the value of z at the average length of the analyzed range
L = 230. In Fig. 13 we show the results of this analysis.
In general z(L) features a growth with the system size
and its limit is consistent with the value z = 2 for α >
1, while for α < 1 also in the extrapolated infinite size
regime a superdiffusive z seems to persists. This behavior
at large L is similar to the case of the deterministic Le´vy
fractals. We notice that in the simulation in [17], due
to the deterministic rule used to build the fractals, much
larger systems can be considered and finite size effects
are in general negligible.
At finite size, it is therefore reasonable to study the
exponent z as a function of the effective exponent αeff
characterizing the finite size packing, and compare this
function with the one found in [17] on a deterministic
packing. Let us recall that in that work z(α) follows
the heuristic ansatz z = 2/(2 − α) in the 0 < α ≤ 1
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Figure 14: (Color online) The comparison between z(αeff )
(circles), and z(α) (triangles). The 1D analytical result z =
α+1 (black solid line) and the ansatz z = 2
2−α
(black dashed
line) are also shown. The z(α) significantly differs from the
deterministic fractals case ansatz and from the 1D analytical
result. Once we consider αexp as the system characteristic
exponent, the dynamical exponents z appear to recover the
curve found in the deterministic fractals case.
Parameters λ = 10 λ = 1 λ = 0.1
α = 0.8 1.61 1.64 1.64
α = 1.0 1.76 1.78 1.79
α = 1.2 1.89 1.90 1.97
Table I: The dynamical exponents z found by varying λ.
range, while z = 2 for α > 1. In Fig. 14 we show
that indeed z(αeff ) is well approximated by this ansatz
(z = 2/(2− α) is also plotted in Fig. 13). The diffusive
regime z = 2 is reached only when αeff → 1, recover-
ing the distinction between a superdiffusive and diffusive
regime below and above α = 1 respectively. Our analysis
have been performed in the 2d case, but we expect this
phenomenology to hold also in 3d systems.
D. The scattering mean free path
The dynamical exponents in the truly asymptotic
regime, at infinite size, do not change by varying the scat-
tering mean free path λ. However it is not clear what is
the role of λ in a regime where preasymptotic effects de-
termine the dynamical behavior at finite sizes. Here, we
will show that the results obtained in previous sections,
at least at large L, are robust with respect to a varia-
tion of the scattering mean free path. We remark that
we set λ = 1 = rmin as in [10]. However, in the experi-
ments rmin = 2.5µm and λ = 12µm, thus corresponding
to λ ∼ 5 in our setup.
We analyze the system response to a variation of λ,
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Figure 15: (Color online) (top) The transmission probability
for λ = 0.1 (squares) and λ = 10 (circles) for α = 1.0. The
fitting lines are reported, giving z = 1.76 and z = 1.79 for the
λ = 10 and λ = 0.1 respectively. We fitted taking into account
the largest system sizes to avoid, especially in the λ = 10
case, the multi-disks crossing events to influence the T (L)
estimation. (bottom) The ps(s) single step length probability
function for λ = 0.1 (solid line), 1 (dashed line) and 10 (dotted
line). All the sets are for α = 1.0, Lx = 6 · 10
3 and RS = 6.
The dot-dashed line shows the expected p(s) ∼ s
−(α+1) for
comparison.
10−1 100 101
10−4
10−3
10−2
10−1
r / t1/z
P(
r,t)
 t1
/z
 
 
[no
rm
ali
ze
d]
 
 
t = 11
t = 50
t = 119
t = 510
t = 1217
t = 1627
t = 2174
t = 2906
10−1 100 101
10−2
100
r / t1/z
P(
r,t)
 t1
/z
 
 
[no
rm
ali
ze
d]
 
 
t = 11
t = 50
t = 119
t = 510
t = 1217
t = 1627
t = 2174
t = 2906
Figure 16: (Color online) (top) The scaling of P (r, t) as from
the simulation with λ = 0.1, α = 1.2 and L = rmax · RS =
6 · 103. The scaling length is set to l(t) = t1/z with z(α =
1.2) = 1.94; (bottom) The same function has been plotted for
the system featuring λ = 10. Here z(α = 1.2) = 1.93.
RS/α 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8
2 0.54 0.62 0.74 0.85 0.92 0.95 0.98 0.99
4 0.53 0.66 0.78 0.86 0.96 0.98 0.99 1.00
6 0.56 0.64 0.76 0.85 0.93 0.97 0.98 1.00
Table II: The αeff exponents found for different RS.
keeping RS = 6, and α = [0.8, 1.0, 1.2] and averaging
over 5 · 106 initial conditions. Our fits at large L show
that z does not change switching from λ = 0.1 to 10 and
remains in good agreement with the case λ = 1 (see Table
(I)) though there is, of course, a drop in the transmission
probability T (L) (see Fig. 15 upper panel). As we can
see in Fig. 16 the scaling of the P (r, t) works in both
cases, λ = 0.1 and λ = 10 once the characteristic length
l(t) is taken into account.
The main differences at varying λ regard the frequency
of multi-disks crossing events and they are evidenced in
Fig. 15, lower panel, by inspecting the single step length
distribution ps(s). We note indeed that the bump, found
for λ = 1 in the range 1 . s . 20, disappears for λ = 0.1.
This is a clear indication that we are isolating the chord
distribution of the disks, avoiding multi-disks crossing.
We remark that the average distance between the spheres
in our packing is ǫ ≃ 0.4 (see Figure 7) and multi-disks
crossing is completely avoided only for λ ≪ ǫ. On the
contrary, for λ = 10 the bump spreads over the whole
step size range, even further than s ∼ rmax. Here the
multi-disks crossing events are the leading process within
the slab. The signal dies very slowly and we cannot dis-
tinguish a range where ps(s) follows the chords distribu-
tion function. This is at variance with the λ = [0.1, 1]
systems, where a sharp cut-off is present at the s ∼ 2rmax
length.
E. The truncation length
As a last check of the lengths involved in our model,
we consider explicitly the effects of truncation in the radii
distribution i.e. of the parameter RS . We run an addi-
tional set of simulations for RS = [2, 4, 6], maximized f ,
λ = 1.0 and 0.4 ≤ α ≤ 2.8;
In Table (II) we show the results for the effective ex-
ponent αeff evidencing that systems with different RS
features the same αeff i.e. they are equivalent from a
geometrical point of view. We then compute the trans-
mission properties. The resulting z are shown in Table
(III).
The dynamical exponents z seem to be independent of
the truncation for RS > 2, while a discrepancy is found
for what concerns the data at RS = 2 especially in the
regime of large α i.e. α > 0.8. In particular, the dynami-
cal exponent z referring to RS = 2 is found to be smaller
than the one computed for RS = 6 and RS = 4. We re-
mark that for RS = 2 the diameter of the largest sphere
equals the system size L, and direct ballistic transmis-
10
α z (RS = 2) z (RS = 4) z (RS = 6)
0.4 1.43 1.36 1.41
0.6 1.49 1.52 1.55
0.8 1.55 1.65 1.65
1.0 1.67 1.77 1.76
1.2 1.72 1.90 1.91
1.4 1.70 1.94 1.93
1.6 1.72 1.96 1.96
1.8 1.75 1.98 2.00
Table III: The resulting dynamical exponents z for the L =
2rmax (RS = 2) and L = 4rmax (RS = 4) cases compared
with the RS = L/rmax = 6 case.
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Figure 17: (Color online) Scaling of the P (r, t) function for a
RS = 2 sample with L = 2000 and α = 1.0. The characteristic
length is l(t) = l1/z. The spikes correspond to the ballistic
motion within the largest disk in the slab. The latter is now
as large as the slab itself.
sion becomes much more likely. Nevertheless, Fig. 17
evidences that even for RS = 2 the scaling scheme for
the probability distribution P (r, t) holds using the proper
characteristic length l(t) = t1/z.
V. LE´VY PACKINGS AT FIXED FILLING
The experimental setup described in [8] presents an
important difference with respect to our simulations IV.
The theoretical packings, in order to reproduce a frac-
tal sampling, try to maximize the filling fraction f , i.e.
the number of disks in the slab. On the opposite, in the
experiments the filling fraction is kept constant, in par-
ticular f = 71%. Therefore, in the experiment, α only
affects the step length distribution, but plays no role in
the behavior of f passing from one system scale to an-
other. Recalling the packing procedure, we notice that if
the term (1 − f)/f in Eq. (4) is constant with respect
to L, then at α < 1 the packing features a diverging
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Figure 18: (Color online) The evaluation of z(L) for system
with ffix = 0.7. The data refer to λ = 10 (dotted lines), λ = 1
(dashed lines) and λ = 0.1 (solid lines). The system exponents
are α = 0.8 (asterisks), α = 1.0 (circles) and α = 1.2 (squares)
respectively. The z(L) found for λ = [1, 10] seems to converge
to the exponents found in the λ = 0.1 case, which is almost
constant over the whole range. The black dashed line shows
the diffusive limit z = 2.
sphere-to-sphere distance ǫ(L). We then expect to ob-
serve a diffusive behavior as the size L grows, since the
diffusive region becomes dominant. However, at finite
size the average spacing ǫ between the spheres can be
comparable to λ, and this could give rise also in this case
to an effective exponent z smaller than 2, since at that
scale the underlying disks distribution display a fractal
superdiffusive geometry.
For this purpose we now analyze finite size effects in
a system with fixed f = 0.7, varying λ = [0.1, 1.0, 10]
and α = [0.8, 1.0, 1.2]. To construct a slab with fixed
f , we increment the number of disks until we reach the
desired value of f . The disk are then placed randomly
according the usual algorithm. We found that f ∼ 0.7 is
a filling fraction value that can be easily reached at all
the system sizes and for all the α exponents, so that the
samples are created very quickly. We simulated the walk
of 5 · 106 particles, analyzing the transmission properties
of the system. The geometry is still fixed to RS = 6 and
rmin = 1.
We test the scaling with the system size by measuring
z(L) obtained by fitting T (L) on different L-intervals.
The results are plotted in Fig. 18. The z exponent is
converging to the diffusive case as the system size in-
creases. Furthermore, the data from λ = 1 and λ = 10
undergo a rapid growth, whereas the λ = 0.1 exponent
is slowly increasing, as if it has already reached the dif-
fusive case. However, all the exponents seem to converge
to a common z value, very close to the diffusive z = 2.
The results obtained at the maximum size L = 1.2 ·104
are summarized in Table IV. The data confirm that the
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Parameters ffix = 0.7 ffix = 0.5
λ = 10 α = 0.8 1.86 −
′′ α = 1.0 1.94 −
′′ α = 1.2 1.97 −
λ = 1 α = 0.8 1.92 1.97
′′ α = 1.0 1.95 1.97
′′ α = 1.2 1.94 1.96
λ = 0.1 α = 0.8 1.97 −
′′ α = 1.0 1.96 −
′′ α = 1.2 2.00 −
Table IV: The dynamical exponents found by maximizing f
(fmax column) and by fixing it (ffix) columns.
convergence to z = 2 is faster for smaller values of λ.
For instance, in the case α = 0.8 we find z = 1.86 and
z = 1.97 for λ set to 10 and 0.1, respectively. Moreover, if
we lower the filling fraction ffix to 0.5, ǫ(L) is, obviously,
growing faster with the system size and the dynamics
converges more rapidly to a diffusive regime.
It is then very likely that we are observing a crossing
between a superdiffusive and diffusive regime. The latter
could be driven by a characteristic length of the system
that, so far, is unknown. This length could depend on
the scattering mean free path, the truncation length, the
average disks-to-disk distance (our ǫ) and on the system
exponent α as well, so that the most general form of this
length should be Λ(α, f, ǫ). As we demonstrated, it is
reasonable to expect that decreasing the λ length and-or
decreasing the ffix value, one should lower this length, so
to observe at lower sizes the crossing from a superdiffu-
sive to a diffusive regime. The behaviour of the system is
outlined in Fig. 19. We start with a Le´vy packing whose
thickness is equal (or of the same order) of the scattering
mean free path. Obviously, transport properties follow
a ballistic behavior, as the whole slab is crossed with
few jumps. As we increase the system size, we turn the
ballistic behavior in a super-diffusive one until the slab
thickness is of the same order the characteristic length
Λ(α, f, ǫ). We are probably evaluating our dynamic ex-
ponents in this central size range, as they converge to the
diffusive case z = 2 when decreasing λ (i.e. when we de-
crease Λ, thus anticipating the crossing). From there on,
the system undergoes an additional crossing to a diffusive
case, where the correct, diffusive exponent is recovered.
As a last step for the fixed filling case, we consider
explicitly the effect of the building procedure of the ac-
tual samples, that limits L to be the double of rmax,
i.e.RS = 2. We run an additional set of simulations:
RS = [2, 4, 6] = L/rmax, fixed f = 0.7, λ = 1.0 and
0.4 ≤ α ≤ 2.8; and we compute the transmission prop-
erties. We recover the same behaviour as that found in
the case of optimized filling. In the Table V we resume
the resulting dynamical exponents. Again, we find good
agreement between the RS = [4, 6] configurations, while
the RS = 2 systems are not converging to the diffusive
limit z = 2 since the truncation length is as large as the
system size.
Figure 19: (Color online) The hypothetical convergence of the
dynamical exponent z to a diffusive case as we increase the
system size.
α z (RS = 2) z (RS = 4) z (RS = 6)
0.4 1.89 1.94 −
0.6 1.82 1.91 −
0.8 1.82 1.98 1.92
1.0 1.84 1.92 1.95
1.2 1.80 1.98 1.94
1.4 1.75 − −
1.6 1.80 − −
Table V: The resulting dynamical exponents z for the L =
2rmax (RS = 2) and L = 4rmax (RS = 4) cases compared
with the RS = L/rmax = 6 case. The data refer to the
ffix = 0.7 case.
VI. CONCLUSIONS
Building a tunable medium with given superdiffusive
properties is an extremely interesting task. It can help
to unravel the effect of quenched disorder in presence of
large fluctuations and it gives access to the engineering
of disordered media with desired transport effects[8]. Be-
sides, it can also allow to extract valuable information on
transport and diffusion in natural porous media [1, 4]. A
self similar geometry with a Le´vy like step length distri-
bution in a wide range appears to be the crucial ingredi-
ent to obtain the desired superdiffusive effects. A packing
obtained at fixed filling fraction can present a self similar
region in a restricted sizes window but at larger sizes it
will turn towards a diffusive sample.
In this paper, we have analyzed in details a
2−dimensional packing of disks with Le´vy distributed
radii and we studied the finite size effects arising from the
complex polydispersed disks packing. We have evidenced
that the behavior of the filling fraction at varying system
size can be used as a key parameter for the scaling prop-
erty of the total transmission and for the time resolved
transmission. The packing at finite size features an ef-
fective step length distribution whose parameter αeff is
different from the initial α extracted from the disks radii
self similar distribution. Superdiffusive effects are then
12
observed when αeff < 1. Interestingly, the exponent z of
the scaling length l(t) = t1/z as a function of αeff is con-
sistent with the ansatz found in deterministic packings,
a result that certainly deserves further investigations.
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